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Abstract
Past methodologies for learning the structure of
Probability Temporal Networks (PTNs) have de-
pended on centralized computation frameworks
that require the complete aggregation of data. How-
ever, many real-world applications now involve
federated temporal data managed by separate en-
tities (e.g., IoT networks, industrial partners) that
must collaboratively develop models while uphold-
ing strict data privacy standards. A key tech-
nical challenge arises from the inherent hetero-
geneity in client-specific time series distributions
among decentralized participants. In this study,
we introduce a federated optimization framework
for estimating the structure of the networks from
horizontally partitioned homogeneous sequences.
We then extend this framework to address scenar-
ios with distributional divergence by incorporating
proximity-regulated regularization within client-
adaptive learning protocols. The proposed fPTN
and cfPTN frameworks utilize continuous opti-
mization methods with gradient synchronization,
ensuring confidentiality by exclusively communi-
cating parameter updates during federation cycles.
Controlled experiments and real-world case stud-
ies demonstrate that these frameworks outperform
state-of-the-art methods, especially in multi-client
settings characterized by a large number of partici-
pants and limited localized observations.

1 Introduction
Structure learning for Probability Temporal Networks
(PTNs) is a fundamental approach in causal discovery and the
analysis of temporal representations. As probabilistic graphi-
cal models, PTNs—also known as Probability Temporal Net-
works—play a critical role in uncovering inter-timeslice de-
pendencies and evolving conditional independencies, thereby
serving as essential tools for dynamic causal inference. Their
practical applications extend to diverse areas, including de-
coding genetic regulatory dynamics [Lemoine et al., 2021],
cybersecurity threat profiling [Chockalingam et al., 2017],
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industrial process optimization [Sun et al., 2020], and hu-
man activity recognition [Zeng et al., 2016].

Traditional methods for inducing PTNs typically rely on
centralized frameworks that require complete data integra-
tion—a practice that is becoming increasingly unsuitable in
today’s distributed data environments, which are often driven
by pervasive IoT infrastructures [Madakam et al., 2015].
Modern observational datasets are commonly fragmented
among independent entities (e.g., edge devices, corporate
stakeholders, clinical networks) that operate under strict data
sovereignty constraints. In many cases, individual clients suf-
fer from sample scarcity, making independent PTN recon-
struction infeasible and necessitating collaborative, privacy-
preserving federated approaches. For example, in cross-
institutional medical research, multiple hospitals may seek
to jointly develop a PTN to identify symptom interdepen-
dencies, yet directly exchanging patient data would violate
privacy regulations [hip, 2003]. Moreover, the challenge is
compounded by systemic data divergence: clients may ex-
hibit either distributional homogeneity or heterogeneous con-
figurations, which include both domain-specific distribution
mismatches and fundamental feature space differences (e.g.,
non-overlapping measurement variables). These discrepan-
cies create significant obstacles for federated model conver-
gence, underscoring the need for privacy-aware techniques
that can reconcile inconsistent observational patterns across
decentralized temporal repositories.

A robust privacy-preserving learning paradigm is therefore
indispensable. Federated learning (FL) [McMahan et al.,
2016] has emerged as a transformative framework for de-
centralized model development under data sovereignty con-
straints. By confining data exchange to parametric updates
(such as gradients or intermediate model weights) rather than
raw data, FL enables collaborative efforts across multiple
clients in settings such as IoT ecosystems [Kontar et al.,
2021], mechanical condition monitoring [Zhang et al., 2024],
and recommender systems [Chai et al., 2020], as detailed in
[Li et al., 2020]. Moreover, Customized Federated Learning
(PFL) further extends FL to accommodate non-IID environ-
ments by blending client-specific adaptation with collective
knowledge transfer. Current PFL strategies encompass: 1)
proximal regularization [Sahu et al., 2018] to balance lo-
cal and global model alignment; 2) distribution-aware clus-
tering [Muhammad et al., 2020] to group clients based on



latent similarities; and 3) meta-learning architectures [Jiang
et al., 2019] that enable swift local adaptation. These inno-
vations significantly improve model performance in hetero-
geneous federated regimes while rigorously maintaining data
confidentiality.

A persistent challenge lies in reconciling score-based
Temporal Probability Network (PTN) structure learn-
ing—traditionally dependent on discrete optimization—with
the continuous optimization foundation inherent to federated
learning. Seminal works by [Zheng et al., 2018] and [Pam-
fil et al., 2020] address this gap by implementing algebraic
acyclicity constraints, thereby recasting PTN induction as
a continuous optimization problem. Nonetheless, adapting
prominent federated algorithms such as FedAvg [McMa-
han et al., 2016] and Ditto [Li et al., 2021] remains non-
trivial, primarily due to the stringent structural acyclicity de-
mands of PTNs. The interdependence of edge constraints
across clients’ temporal Belief Network fragments introduces
unique synchronization challenges that are not encountered in
conventional federated optimization tasks.

Contributions This work advances federated causal dis-
covery through the following methodological and empirical
contributions:

• Federated PTN Learning Frameworks:
– FPTN: A federated continuous optimization

framework for learning Temporal Probability Net-
work structures across distributionally homoge-
neous clients, employing ADMM (Alternating Di-
rection Method of Multipliers) to synchronize
temporal dependencies without raw data exchange.

– CFPTN: A Customized extension that incorpo-
rates proximal regularization to manage cross-
client domain shifts in heterogeneous settings,
thereby enabling client-specific causal discovery
while preserving overall structural coherence.

• Constraint-Agnostic Causal Discovery: Both frame-
works autonomously infer PTN topologies from hori-
zontally fragmented temporal datasets, supporting ar-
bitrary node in-degrees without presupposing graph
sparsity.

• Systematic Validation: Comprehensive evaluations
on synthetic and high-dimensional real-world datasets
(including industrial sensors and biomedical signals)
demonstrate:

– Scalability to 100+ clients with variable local sam-
ple sizes,

– Structural fidelity that surpasses centralized base-
lines in non-IID federated regimes,

– Computational efficiency under constrained com-
munication settings.

• Foundational Advance: To our knowledge, this rep-
resents the first methodological framework for fed-
erated PTN learning that explicitly tackles cross-client
distributional heterogeneity in temporal causal discov-
ery—an underexplored challenge in decentralized time-
series analysis.

2 Related Work
Probability Temporal Networks (PTNs) extend static Belief
Networks to capture temporal causal dependencies, modeling
inter-timeslice conditional independencies. Structure learn-
ing, which involves inferring directed edges between tem-
porally ordered variables, and parameter learning, which es-
timates transition probabilities, are essential components of
PTN induction. [Murphy, 2002] later adapted expectation-
maximization (EM) for temporal parameter estimation, com-
bining static Bayesian methods with Markovian state transi-
tions.

Recent advancements leverage continuous optimization:
[Pamfil et al., 2020] reformulated PTN structure learning as
a constrained continuous problem using algebraic acyclicity
certificates, circumventing the complexity of combinatorial
search. In parallel, [Tank et al., 2022] integrated neural net-
work architectures into Granger causal frameworks, enabling
the capture of nonlinear dependencies through autoencoder-
driven PTNs. Applications in bioinformatics, as demon-
strated by [Yu et al., 2004], have further validated PTNs
for inferring gene regulatory dynamics from siloed omics
datasets.

However, these approaches assume centralized data aggre-
gation, posing privacy concerns and scalability limitations,
especially in sensitive fields such as healthcare [Yu et al.,
2004]. Federated learning addresses these challenges by en-
abling distributed, privacy-preserving collaboration, aligning
with the growing need for cross-silo data sovereignty. De-
spite this, federated PTN learning remains unexplored, and
no existing framework addresses the following issues:

• Decentralized Temporal Acyclicity: Achieving syn-
chronization of edge constraints across clients without
centralized coordination.

• Causal Heterogeneity: Reconciling client-specific de-
pendencies within a unified PTN structure.

• Communication Overhead: Striking a balance be-
tween model fidelity and efficient network optimization.

Although federated learning of Belief Networks (BNs) has
gained attention, methods for learning Probability Temporal
Networks (PTNs) are still notably absent. Early distributed
BN approaches [Gou et al., 2007] relied on post hoc aggrega-
tion of locally inferred graphs, either through conditional in-
dependence reconciliation or majority voting. These methods
overlooked iterative collaborative optimization, often lead-
ing to suboptimal topologies due to limited information ex-
change. Notably, [Ng and Zhang, 2022] introduced a con-
tinuous optimization framework using ADMM to jointly in-
fer DAG structures across clients—an important step forward
from heuristic aggregation. However, no work yet addresses
the temporal interdependencies inherent in PTNs, where both
intra- and inter-slice edge constraints must be globally syn-
chronized within the context of decentralized data gover-
nance.

3 Problem Formulation
Consider a decentralized learning framework with K dis-
tributed agents, indexed by k ∈ {1, . . . ,K}. Each agent



holds a locally stored dataset consisting of M distinct real-
izations of a weakly stationary multivariate temporal process.
Formally, the repository of the k-th agent is given by:

Dk =
{
xk
m,t

}T
t=0

, xk
m,t ∈ Rd, m ∈ {1, . . . ,M},

where d represents the dimensionality of the observed vari-
ables. Direct transmission of raw sequences {xk

m,t} between
agents is prohibited due to data sovereignty protocols. For
simplicity, we omit the realization index m in the following
notation (for a detailed treatment, refer to Suppl. §A.1), and
focus on a representative trajectory {xk

t }Tt=0.
The temporal dynamics for each agent k are modeled using

a Structural Vector Autoregressive (SVAR) system of order p,
expressed as:

(xk
t )

⊤ = (xk
t )

⊤Wk +

p∑
i=1

(xk
t−i)

⊤Aki
+ (uk

t )
⊤, (1)

with the following specifications:
1. Temporal indexing t ∈ {p, p + 1, . . . , T}, where p de-

fines the system’s lagged memory depth.
2. Innovation term uk

t ∼ N (0, I), exhibiting spatiotempo-
ral independence.

3. Intra-temporal adjacency matrix Wk ∈ Rd×d, structured
as a directed acyclic graph (DAG) to encode contempo-
raneous causal relationships.

4. Inter-temporal coupling matrices {Aki
}pi=1 ∈ Rd×d,

capturing lagged multivariate dependencies across suc-
cessive timesteps.

The parameter matrices Wk and Aki
are subject to two op-

erational configurations:
1. Homogeneous Configuration: Global parameter shar-

ing, where Wk = W and Aki
= Ai for all k.

2. Heterogeneous Configuration: Agent-specific adapta-
tion, where {Wk, Aki} are distinct for each agent k.

A uniform autoregressive order p is assumed across all K
agents. In the homogeneous setup, the system-wide DAG W
and lagged dependencies Ai remain consistent, while in the
heterogeneous configuration, individual agents are allowed to
have unique causal structures. Each agent k processes nk =
T + 1− p temporal observations.

Federated Inference Objective: Given the distributed
temporal dataset X =

⋃K
k=1 Dk, the goal is to estimate ei-

ther: - Homogeneous parameters W, {Ai}pi=1, or - Heteroge-
neous parameters {Wk, {Aki

}pi=1}Kk=1,
while adhering to privacy constraints that restrict direct

data sharing. Collaboration is achieved through the secure
exchange of parameter estimates or topological metadata,
rather than raw data sequences. The collective sample size
is the sum of individual agent sample sizes, given by n =∑K

k=1 nk.
Partial Participation Protocol: To accommodate re-

source heterogeneity, each communication cycle engages a
subset j ≤ K of agents. Inactive agents preserve local pa-
rameter states without affecting: - Homogeneous parameters:

Remain unchanged during inactivity. - Heterogeneous pa-
rameters: Require synchronized updates only when active.

This protocol ensures elastic scalability while maintaining
continuity in federated optimization.

4 Methodology
We introduce two federated paradigms: Federated Probabil-
ity Temporal Networks (fPTN) and their Customized variant
(cfPTN). Figure 1 illustrates their structural distinction in a
tripartite agent system modeling d = 3 variables with p = 2.

4.1 Decentralized Probability Temporal Networks
Formulation

This section presents the framework for learning Probability
Temporal Networks (PTNs) in decentralized, time-dependent
processes, extending the continuous optimization method in-
troduced by [Pamfil et al., 2020]. The goal is to adapt struc-
tural learning for a federated environment, formulating it as
a constrained optimization problem with added sparsity reg-
ularization. The composite objective function we optimize
combines three essential components:

1. Temporal Autoregressive Loss: This term quantifies
the model’s adherence to the temporal structure in the data,
following the SVAR model.

2. Sparsity Regularization: Represented by ℓ1-norms,
this term encourages a sparse solution by penalizing exces-
sive connections.

3. Acyclicity Constraint: This ensures the interactions
between variables within the same time slice adhere to a di-
rected acyclic graph (DAG).

The optimization problem is formally expressed as:

min
W,A

ℓ(W,A) + λW ∥W∥1 + λA∥A∥1,

subject to DAG(W ),

ℓ(W,A) =
1

2n

∥∥Xt −XtW −X[t−p:t−1]A
∥∥2
F
.

where X[t−p:t−1] = [Xt−1 | · · · | Xt−p] is a matrix that
concatenates the p-lagged observations from the dataset, with
each lagged term Xt−i ∈ Rn×d. The matrix A, which con-
tains the inter-slice relationships, is vertically concatenated
from the transposed blocks corresponding to each lag, as
shown:

A =

A
⊤
1
...

A⊤
p

 ∈ Rpd×d.

Here, X[t−p:t−1] ∈ Rn×pd captures the dependencies be-
tween variables across multiple time lags, and A maps those
lagged dependencies to their corresponding contemporaneous
interactions.

Acyclicity Enforcement: To ensure that the graph struc-
ture remains acyclic, we use the spectral condition defined in
[Zheng et al., 2018], expressed as:

h(W ) = tr
(
eW⊙W

)
− d = 0,



Figure 1: Architectural comparison between fPTN and cfPTN frameworks. fPTN enforces complete parameter homogeneity (W1 = W2 =
W3, Aki = Ai ∀k), while cfPTN accommodates agent-specific DAGs and temporal coupling matrices (Wk ̸= Wk′ , Aki ̸= Ak′

i
) while

maintaining collaborative learning.

where ⊙ denotes element-wise multiplication. This condi-
tion guarantees that the learned graph is a DAG, and the re-
sulting penalty is differentiable, allowing gradient-based op-
timization methods to be applied. Thus, the original combi-
natorial DAG constraint is transformed into a differentiable
penalty term, streamlining the optimization process.

In the federated learning context, where data encapsula-
tion prevents the direct application of traditional optimization
methods, we use the Alternating Direction Method of Mul-
tipliers (ADMM) [Boyd et al., 2011], a powerful optimiza-
tion technique known for breaking down complex problems
into smaller, more solvable subproblems. ADMM is partic-
ularly effective for large-scale optimization involving intri-
cate constraints. In this framework, we decompose the con-
strained problem in equation (4.1) into a series of subprob-
lems, applying an iterative message-passing approach to con-
verge toward the optimal solution. The efficiency of ADMM
is particularly evident when the subproblems have closed-
form solutions, which we derive for the first subproblem.

To align the problem with the ADMM framework, we in-
troduce local variables B1, . . . , BK ∈ Rd×d for intra-slice
matrices and D1, . . . , DK ∈ Rpd×d for inter-slice matrices.
Additionally, global variables W ∈ Rd×d and A ∈ Rpd×d

are shared across clients and represent a reformulated version
of the problem:

min
Bk,Dk,W,A

K∑
k=1

ℓk(Bk, Dk) + λW ∥W∥1 + λA∥A∥1

subject to h(W ) = 0,

Bk = W, k = 1, . . . ,K,

Dk = A, k = 1, . . . ,K.

In this formulation, the local variables Bk and Dk rep-
resent the model parameters specific to each client, while
the global variables W and A ensure consistency across the
clients. These constraints ensure that all clients share the
same structure, enforcing consistency in the learned model
parameters. The setup is analogous to the global variable
consensus framework often used in ADMM. The ADMM
method uses dual decomposition and the augmented La-
grangian method, facilitating the separation of the objective
function into subproblems, which can then be solved inde-
pendently and in parallel.

To transform the constrained problem into a sequence of
unconstrained subproblems, we apply the augmented La-
grangian method, which can be written as:



L
(
{Bk, Dk}Kk=1,W,A, α, {βk, γk}Kk=1; ρ1, ρ2

)
=

K∑
k=1

[
ℓk(Bk, Dk) + tr

(
β⊤
k (Bk −W )

)
+

ρ2
2
∥Bk −W∥2F

+ tr
(
γ⊤
k (Dk −A)

)
+

ρ2
2
∥Dk −A∥2F

]
+ λW ∥W∥1 + λA∥A∥1 + αh(W ) +

ρ1
2
h(W )2,

where βk ∈ Rd×d, γk ∈ Rpd×d, and α are estimates of
the Lagrange multipliers, while ρ1 and ρ2 are penalty coeffi-
cients. The Frobenius norm is denoted as ∥ · ∥F .

The update rules for the ADMM iterations are as follows:
Local Updates for Bk and Dk

(B
(t+1)
k , D

(t+1)
k ) =

arg min
Bk,Dk

[
ℓk(Bk, Dk) + tr

(
β
(t)⊤
k (Bk −W (t))

)
+

ρ
(t)
2

2
∥Bk −W (t)∥2F + tr

(
γ
(t)⊤
k (Dk −A(t))

)
+

ρ
(t)
2

2
∥Dk −A(t)∥2F

]
.

(2)
Global Updates for W and A

(W
(t+1)

, A
(t+1)

)

= arg min
W,A

[
α
(t)

h(W ) +
ρ
(t)
1

2
h(W )

2
+ λW ∥W∥1 + λA∥A∥1

+
K∑

k=1

tr
(
β
(t)⊤
k

(B
(t+1)
k

− W )
)
+

ρ
(t)
2

2
∥B(t+1)

k
− W∥2F


+

K∑
k=1

tr
(
γ
(t)⊤
k

(D
(t+1)
k

− A)
)
+

ρ
(t)
2

2
∥D(t+1)

k
− A∥2F

]
.

(3)

Updating the Dual Variables

β
(t+1)
k = β

(t)
k + ρ

(t)
2 (B

(t+1)
k −W (t+1)),

γ
(t+1)
k = γ

(t)
k + ρ

(t)
2 (D

(t+1)
k −A(t+1)),

α(t+1) = α(t) + ρ
(t)
1 h(W (t+1)),

ρ
(t+1)
1 = ϕ1ρ

(t)
1 ,

ρ
(t+1)
2 = ϕ2ρ

(t)
2 ,

(4)

where ϕ1, ϕ2 ∈ R are hyperparameters that determine how
quickly the coefficients ρ1 and ρ2 are updated. As mentioned
earlier, ADMM excels when the optimization subproblems
have closed-form solutions. The subproblem in equation (2)
is a standard proximal minimization problem, widely stud-
ied in numerical optimization [Combettes and Pesquet, 2011;
Parikh and Boyd, 2014a]. For clarity, we define the following
matrices:

S =
1

nk
Xk⊤

t Xk
t ,

M =
1

nk
Xk⊤

t Xk
(t−p):(t−1),

N =
1

nk
Xk⊤

(t−p):(t−1)X
k
(t−p):(t−1),

P = S + ρ
(t)
2 I,

Q = N + ρ
(t)
2 I,

and the vectors:

b1 = S − β
(t)
k + ρ

(t)
2 W (t),

b2 = M⊤ − γ
(t)
k + ρ

(t)
2 A(t).

By calculating the gradient, we obtain the following closed-
form solutions:

B
(t+1)
k =

(
P −MQ−1M⊤)−1 (

b1 −MQ−1b2
)
.

D
(t+1)
k =

(
Q−M⊤P−1M

)−1 (
b2 −M⊤P−1b1

)
.

For a more detailed explanation, the procedure is outlined
in the supplementary material §A.4. The presence of the
acyclicity term h(W ) prevents a closed-form solution for
the problem in equation (3). Consequently, this optimiza-
tion problem can be solved using first-order methods, such as
gradient descent, or second-order methods, such as L-BFGS
[Byrd et al., 2003]. In this approach, we represent W as
W+ − W− (and similarly for A) to manage the ℓ1 penalty
term, and use the L-BFGS method to solve the optimization.
The entire procedure is summarized in Algorithm 1.

Algorithm 1 Federated Temporal Probability Network
Learning

Require: • Initial parameters: ρ1, ρ2, α(1), {β(1)
k , γ

(1)
k }

K
k=1

•Multiplicative factors: ϕ1, ϕ2 > 1

• Initial points: W (1), A(1)

Ensure: Learned model parameters W,A
1: for round t = 1, 2, . . . do
2: Clients (parallel):

– Solve local problem (2)
3: Server:

– Collect {B(t+1)
k , D

(t+1)
k }Kk=1 from clients

– Solve global problem (3)
– Broadcast W (t+1), A(t+1) to clients

4: Parameter Updates:
– Server: Update α(t+1), ρ

(t+1)
1 , ρ

(t+1)
2 via (4)

– Clients: Update β
(t+1)
k , γ

(t+1)
k via (4)

5: end for

4.2 Customized Federated Temporal Probability
Network Learning

In this section, we introduce the Customized Federated PTN
Learning (cfPTN) method, which is designed specifically
for heterogeneous time series data. This approach builds



upon the proximal operator, employed to reformulate Prob-
lem (4.1), as described by [Parikh and Boyd, 2014b]. The
formal definition of the proximal operator is as follows:
Definition 1 (Proximal Operator). Let X be a vector space
with norm ∥.∥X . The proximal operator is defined as:

proxµf (X) = argmin
Z

µ||Z −X||2X + f(Z)

To define the objective function for cfPTN, we express it
as:
fk(Wk, Ak) = ℓk(Wk, Ak) + λW ∥Wk∥1 + λA∥Ak∥1 (5)

for the k-th client. In the context of cfPTN, Ak is occasion-

ally represented as
[
A⊤

k1
· · · A⊤

kp

]⊤
.

Next, following the method outlined by [Sahu et al., 2018],
we replace fk with its proximal operator. The structure of the
resulting optimization problem is formulated as:

Fk(W,A) := proxµf (W,A)

= min
Wk,Ak

µ||Wk −W ||2F + µ||Ak −A||2F + fk(Wk, Ak)

= min
Wk,Ak

ℓ(Wk, Ak) + µ||Wk −W ||2F + µ||Ak −A||2F

+ λW ∥Wk∥1 + λA∥Ak∥1.
(6)

The hyperparameter µ controls the trade-off between the
global model (W,A) and the customized model (Wk, Ak). A
larger value of µ helps clients with less reliable data by in-
corporating aggregated information from other clients, while
a smaller µ emphasizes personalization for clients with sub-
stantial high-quality data. Thus, we define the following op-
timization problem:

min
W,A

K∑
k=1

Fk(W,A) subject to W is acyclic,

Fk(W,A) = min
Wk,Ak

ℓ(Wk, Ak) + µ||Wk −W ||2F

+ µ||Ak −A||2F + λW ∥Wk∥1 + λA∥Ak∥1.
(7)

Problem (7) represents a bi-level optimization problem,
typically tackled using iterative first-order gradient methods.
In these methods, the lower-level problem is solved first to
approximate Wi, and this solution is then used in the upper-
level problem to optimize W , repeating the process until con-
vergence. While this approach is simple, it often yields sub-
optimal solutions and faces difficulties in fine-tuning hyper-
parameters, such as the learning rate. To address these chal-
lenges, we propose a relaxed formulation of Problem (7) to
improve both efficiency and solution accuracy.

min
{Wk,Ak}K

k=1,W,A

K∑
k=1

ℓk(Wk, Ak) + µ
(
||Wk −W ||2F + ||Ak −A||2F

)
+ λW ∥Wk∥1 + λA∥Ak∥1

subject to h(Wk) = 0.

(8)

The objective is to learn an optimal customized model
(Wk, Ak) for each client k and an optimal global model
(W,A) that jointly minimize Problem (8), ensuring a bal-
ance between personalization and global knowledge aggre-
gation. Since ADMM is a primal-dual method known for its
enhanced iteration stability and faster convergence compared
to gradient-based approaches, we propose utilizing ADMM
to solve Problem (8). To achieve this, we introduce auxil-
iary variables {W̃k, Ãk}Kk=1, enabling us to reformulate Prob-
lem (8) into a separable structure by partitioning the variables
into distinct blocks. This transformation results in a more ef-
ficient optimization framework, as outlined below:

min
{Wk,Ak,W̃k,Ãk}K

k=1,W,A

K∑
k=1

ℓk(Wk, Ak) + µ
(
||Wk − W̃k||2F + ||Ak − Ãk||2F

)
+ λW ∥Wk∥1 + λA∥Ak∥1

subject to h(Wk) = 0,

W̃k = W,

Ãk = A, k = 1, 2, . . . ,K.
(9)

In this context, {W̃k, Ãk}Kk=1 represents the local model of
client k. Problem (9) is equivalent to Problem (8) in that both
share the same optimal solutions. Since Problem (9) involves
linear constraints and multiple block variables, we can solve
it using the exact penalty method within the ADMM frame-
work, which is well-suited for such optimization structures.
Additionally, we assume h(Wk) = 0 for all clients, as we
need to enforce the Directed Acyclic Graph (DAG) constraint
across all clients. To further facilitate this, we apply the aug-
mented Lagrangian method to convert the problem into a se-
ries of unconstrained subproblems. The corresponding aug-
mented Lagrangian function is defined as follows:

L
(
{Wk, Ak, W̃k, Ãk}Kk=1, W, A, {βk, γk}Kk=1; α, ρ1, ρ2, µ

)
=

K∑
k=1

[
ℓk
(
Wk, Ak

)
+ µ ∥Wk − W̃k∥2F + µ ∥Ak − Ãk∥2F

+ λW ∥Wk∥1 + λA ∥Ak∥1

+ tr
(
β⊤
k (W̃k −W )

)
+

ρ2
2

∥W̃k −W∥2F

+ tr
(
γ⊤
k (Ãk −A)

)
+

ρ2
2

∥Ãk −A∥2F
]

+ αh(Wk) +
ρ1
2

[
h(Wk)

]2
.

where {βk}Kk=1 ∈ Rd×d, {γk}Kk=1 ∈ Rpd×d, and α ∈ R
are estimates of the Lagrange multipliers; ρ1 and ρ2 are
penalty coefficients, and ∥ · ∥F denotes the Frobenius norm.
It is important to note that we use a single pair of λW , λA

for all clients, as an effective pair can generally be found for
datasets with the same dimension, based on fPTN and pre-
vious studies [Pamfil et al., 2020]. Due to the Customized



nature of the problem, each Wk, Ak may have different di-
mensions or structural properties (e.g., connectivity). In this
study, we consider cases where all clients share identical di-
mensions and connectivity. However, extending this frame-
work to accommodate different dimensions or varying con-
nectivity structures represents an interesting direction for fu-
ture research, as discussed in § 7.

Next, we define the iterative update rules of ADMM. Start-
ing with initial values for {Wk, Ak, W̃k, Ãk}Kk=1, W , A, and
the dual variables, the updates are as follows:

For Wk, Ak:

(Wk
(t+1), A

(t+1)
k ) =

arg min
Wk,Ak

[
ℓk(Wk, Ak) + µ∥Wk − W̃

(t)
k ∥2

+ µ∥Ak − Ã
(t)
k ∥2 + α(t) h(Wk) +

ρ
(t)
1

2
[h(Wk)]

2

+ λW ∥Wk∥1 + λA∥Ak∥1
]
.

(10)
For W̃k, Ãk:

(W̃k
(t+1), Ã

(t+1)
k ) =

arg min
W̃k,Ãk

[
µ∥W (t+1)

k − W̃k∥2

+ µ∥A(t+1)
k − Ãk∥2 + tr

(
β
(t)⊤
k (W̃k −W (t))

)
+

ρ
(t)
2

2
∥W̃k −W (t)∥2 + tr

(
γ
(t)⊤
k (Ãk −A(t))

)
+

ρ
(t)
2

2
∥Ãk −A(t)∥2

]
.

(11)

For W,A:

(W (t+1), A(t+1)) =

argmin
W,A

[ K∑
k=1

(
tr
(
β
(t)⊤
k (W̃

(t+1)
k −W )

)
+

ρ
(t)
2

2
∥W̃ (t+1)

k −W∥2 +
K∑

k=1

(
tr
(
γ
(t)⊤
k (Ã

(t+1)
k −A)

)
+

ρ
(t)
2

2
∥Ã(t+1)

k −A∥2
)]

.

(12)
For Dual Variables:

β
(t+1)
k = β

(t)
k + ρ

(t)
2 (W̃

(t+1)
k −W (t+1)),

γ
(t+1)
k = γ

(t)
k + ρ

(t)
2 (Ã

(t+1)
k −A(t+1)),

α(t+1) = α(t) + ρ
(t)
1

(
1

K

K∑
k=1

h(W
(t+1)
k )

)
,

ρ
(t+1)
1 = ϕ1ρ

(t)
1 ,

ρ
(t+1)
2 = ϕ2ρ

(t)
2 ,

(13)

In the practical implementation of cfPTN, we use closed-
form expressions for W̃k, Ãk derived as follows:

W̃
(t+1)
k =

2µW
(t+1)
k + ρ

(t)
2 W (t) − β

(t)
k

2µ+ ρ
(t)
2

.

Ã
(t+1)
k =

2µA
(t+1)
k + ρ

(t)
2 A(t) − γ

(t)
k

2µ+ ρ
(t)
2

.

For a comprehensive overview of the procedure, we have
summarized it in the supplementary material § A.5. In this
study, we use the L-BFGS method to solve the optimiza-
tion problem. The procedure for cfPTN is outlined in Al-
gorithm 2.

Algorithm 2 Customized Federated cfPTN Learning

Require: • Initial parameters: ρ(1)1 , ρ
(1)
2 , α(1), {β(1)

k , γ
(1)
k }

K
k=1

• Scaling factors: ϕ1, ϕ2 > 1
• Variables: {Wk, Ak, W̃k, Ãk}Kk=1, W,A
• Client subset per round: j ≤ K

Ensure: Global model parameters W,A
1: for round t = 1, 2, . . . do
2: Clients (parallel):

– Solve (10) and (11)
– Upload W̃

(t+1)
k , Ã

(t+1)
k to server

3: Server:
– Aggregate {W̃ (t+1)

k , Ã
(t+1)
k }

– Solve (12) to update W (t+1), A(t+1)

– Broadcast W (t+1), A(t+1) to clients
4: Parameter Updates:

– Server: α(t+1) ← (13), ρ(t+1)
i ← ϕiρ

(t)
i

– Client k: β(t+1)
k , γ

(t+1)
k ← (13)

5: end for

5 Experiments
In this section, we first evaluate the performance of fPTN
on simulated data generated from a linear SVAR structure
[Gong et al., 2023]. We then compare it with three baseline
methods using three evaluation metrics to demonstrate the ef-
fectiveness of our proposed method. Figure 2 provides an il-
lustrative example using homogeneous time series data. Sub-
sequently, we examine the performance of cfPTN on hetero-
geneous time series data generated by a linear SVAR struc-
ture across different clients and assess its performance under
partial client participation by uniformly sampling a subset of
clients.

Benchmark Methods. We compare our federated ap-
proach, referred to as fPTN in Sec. 4.1, with three other
methods. The first baseline, denoted as Ave, computes the
average of the weighted adjacency matrices estimated by
DYNOTEARS [Pamfil et al., 2020] from each client’s lo-
cal dataset, followed by thresholding to determine the edges.
The second baseline, referred to as Best, selects the best
graph from among those estimated by each client based on
the lowest Structural Hamming Distance (SHD) to the ground
truth. Although this method is impractical in real-world sce-
narios (since it assumes access to the ground truth), it serves
as a useful reference. Additionally, we consider applying



Figure 2: An example result using fPTN for Gaussian noise data
with n = 500 samples, d = 5 variables, an autoregressive order
p = 3, and K = 10 clients. All clients have the same W,A. We
set the thresholds τw = τa = 0.3. Our algorithm recovers weights
close to the ground truth.

DYNOTEARS to the combined dataset from all clients, de-
noted as Alldata. Note that the final graphs produced by

Ave may contain cycles for W , and we do not apply any
post-processing to remove them, as doing so could degrade
performance. Since DYNOTEARS does not provide official
source code, we reimplement it using numpy and scipy in
a simplified, self-contained version with approximately one
hundred lines of code. This implementation improves read-
ability and reusability compared to existing versions available
on GitHub. For the Customized federated approach, cfPTN,
we compare its performance against fPTN on heterogeneous
time series data. Since no existing methods are specifically
designed for learning heterogeneous PTNs, we focus on eval-
uating the improvements of cfPTN over fPTN in a single
example and demonstrate that cfPTN yields reasonable re-
sults.
Evaluation Metrics. To assess performance, we employ
three key metrics: Structural Hamming Distance (SHD), True
Positive Rate (TPR), and False Discovery Rate (FDR). SHD
quantifies the disparity between the estimated graph and the
true graph, accounting for missing edges, additional edges,
and incorrectly oriented edges [Tsamardinos et al., 2006]. A
lower SHD signifies a closer match to the ground truth. The
TPR (also referred to as sensitivity or recall) measures the
fraction of true edges that are correctly identified. It is cal-
culated as the ratio of true positives to the sum of true posi-
tives and false negatives [Glymour et al., 2019]. A higher
TPR reflects the model’s ability to correctly identify more
true edges. The FDR measures the proportion of false posi-
tives among all predicted edges. It is computed as the ratio of
false positives to the total of false positives and true positives
[Benjamini and Hochberg, 1995]. A lower FDR indicates
a more reliable model, with fewer false edges being identi-
fied. Together, these metrics provide a well-rounded evalua-
tion of the model’s effectiveness in inferring graph structures.
For heterogeneous time series data, where we have K dis-
tinct ground truth matrices Wk and Aki

, we evaluate perfor-
mance individually for each client. Thus, we report the mean
SHD (mSHD), mean TPR (mTPR), and mean FDR (mFDR)
across all clients, offering a comprehensive view of perfor-
mance across the entire dataset.

5.1 Federated Probability Temporal Network
Learning

Data Generation & Settings. For fPTN, we generate data
based on the Structural Equation Model outlined in Eq. (??).
The data generation process consists of four steps: (1) Con-
structing the weighted graphs GW and GA; (2) Generating
data matrices X and Y consistent with these graphs; (3) Di-
viding the data among K clients into Xclient and Yclient; (4)
Applying all algorithms to the client data (Xclient and Yclient,
or X and Y ) and evaluating their performance. The specifics
of steps (1) and (2) can be found in §A.2. We introduce Gaus-
sian noise with a standard deviation of 1. The intra-slice DAG
follows an Erdős-Rényi (ER) graph with an average degree
of 4, while the inter-slice DAG is also modeled as an ER
graph with a mean out-degree of 1. Despite the sparsity of
the graphs at higher d, they remain connected under our set-
tings as per [Erdős and Rényi, 1960]. The exponential decay
factor for the inter-slice weights is set to η = 1.5. We opti-
mize the hyperparameters λw and λa by generating heatmaps



to identify their optimal values, as documented in the Sup-
plementary Materials (§A.3). We set ϕ1 = 1.6 and ϕ2 = 1.1
with initial values ρ1 = ρ2 = 1, and the initial Lagrange mul-
tipliers are set to zero. For DYNOTEARS (and consequently
for Ave and Best), we follow the authors’ recommended
hyperparameters. To avoid confusion, we summarize the data
dimensions used in fPTN as follows:

• For fPTN, Xclient and Yclient have sizes K × nk × d
and K × nk × pd, respectively, where K is the number
of clients, nk is the sample size for the k-th client, d is
the dimensionality, and p is the autoregressive order.

Experiment Settings. We consider two experimental sce-
narios. First, we keep the number of clients K fixed while
increasing the number of variables d, ensuring the total sam-
ple size n remains constant. This allows us to examine how
well the methods scale with increasing dimensionality. In the
second scenario, we fix the total sample size n ∈ {256, 512}
and vary the number of clients K from 2 to 64. This setup
evaluates the adaptability and robustness of the methods as
the data is distributed among more clients.

Varying Number of Variables
In this section, we investigate PTN with n = 5d samples dis-
tributed evenly across K = 10 clients for d = 10, 20, and
n = 6d for d ∈ {5, 15}. Note that setting n = 5d or 6d en-
sures each client receives an integer number of samples. We
generate datasets for each of these configurations, keeping in
mind that each client typically has a limited number of sam-
ples, which presents a challenging scenario.

Figure 3: Structure learning results for W in a PTN with Gaussian
noise for d = 5, 10, 15, 20 variables, an autoregressive order p =
1, and K = 10 clients. Each metric value represents the mean
performance across 10 different simulated datasets.

Figure 3 presents the results for the inferred W . The cor-
responding results for A can be found in §A.8. Across all
tested values of d, fPTN consistently achieves the lowest
SHD compared to both Ave and Best, and even outperforms
Alldata for d = 5, 15. This advantage may arise from the
more refined hyperparameter tuning required by Alldata.
In addition to the lower SHD, fPTN achieves a high TPR,
comparable to Alldata and higher than Best, suggesting
that fPTN correctly identifies most true edges. Furthermore,
fPTN demonstrates a lower FDR than Ave and Best, high-
lighting its superior reliability in edge identification, even in
this challenging setup.

Varying the Number of Clients
We next consider experiments where a constant total number
of samples is partitioned among different numbers of clients.
For d ∈ {10, 20}, we generate n = 512 samples with an

autoregressive order p = 1. These samples are distributed
uniformly among K ∈ {2, 4, 8, 16, 32, 64} clients. The hy-
perparameters λw and λa for DYNOTEARS, Ave, and Best
are set following the guidelines in [Pamfil et al., 2020]. For
fPTN, we search for the optimal regularization parameters
within the range [0.05, 0.5] (incremented by 0.05) by mini-
mizing the SHD.

Figure 4: Structure learning outcomes for W in a PTN under Gaus-
sian noise for d = 10 variables, with p = 1, and various client
counts. A total of n = 512 samples is evenly divided among
K ∈ {2, 4, 8, 16, 32, 64}. Each reported metric is averaged over
10 independent simulations.

Figure 5: Structure learning outcomes for W in a PTN under
Gaussian noise for d = 20 variables, with p = 1, and varying
client counts. A total of n = 512 samples is evenly split among
K ∈ {2, 4, 8, 16, 32, 64}. Each metric is computed as the mean
over 10 independent simulations.

Figures 4 and 5 present the results for W with d = 10 and
d = 20, respectively (see §A.8 for the corresponding A re-
sults). As the number of clients K increases, the TPRs of
Ave and Best drop sharply, leading to elevated SHD values.
Although the TPR of fPTN also decreases with larger K, it
consistently remains higher than that of the competing meth-
ods. For instance, with d = 20 and K = 64, fPTN attains
a TPR of 0.7, whereas Ave and Best only reach 0.5 and
0.3, respectively. This underscores the benefit of information
sharing in the optimization process, which allows fPTN to
accurately recover the PTN structure even when data is highly
fragmented.

We further examine the scenario with n = 256 samples.
The W -based outcomes for this setting are provided below,
with A-based results available in §A.8.



Figure 6: Structure learning outcomes for W in a PTN under Gaus-
sian noise for d = 10 variables, with p = 1, and various client
counts. Here, n = 256 samples are evenly distributed among
K ∈ {2, 4, 8, 16, 32, 64}. Each reported metric is the average over
10 simulation runs.

Figure 7: Structure learning outcomes for W in a PTN under Gaus-
sian noise for d = 20 variables, with p = 1, and varying numbers
of clients. A total of n = 256 samples is evenly partitioned among
K ∈ {2, 4, 8, 16, 32, 64}. Each metric is averaged over 10 indepen-
dent simulations.

From Figures 6 and 7, fPTN consistently achieves the low-
est SHD in comparison with Best and Ave. In the case of
d = 20, while the TPRs of Ave and Best continue to de-
cline as K increases, fPTN maintains a higher TPR for all
K ≥ 8. In extremely distributed settings, such as K = 64
with d = 20 (where each client only has 4 samples), both Ave
and Best fail to converge. Thus, we focus on comparing
metrics at K = 32 for a fair evaluation. For d = 10, although
Ave exhibits the highest TPR among all methods across all
values of K, its FDR is considerably higher than those of the
other approaches. This indicates that the thresholding strat-
egy in Ave may lead to an excessive number of false pos-
itives. Nonetheless, as K increases, the TPR of fPTN for
d = 10 remains comparable to that achieved by Alldata.

In some settings, when either K or d is low, alternative
methods may surpass fPTN. For instance, with d = 10 and
n = 512, both Ave and Best yield lower SHDs than fPTN
when K ≤ 16. This outcome is understandable since a
smaller number of clients and lower dimensionality mean that
each client has sufficient samples to reliably learn the struc-
ture on their own. However, as the problem complexity in-
creases (for example, when d = 20), fPTN demonstrates
superior performance by maintaining a lower FDR and ef-
ficiently aggregating distributed information. These observa-
tions underscore the significance of choosing the appropriate
method and fine-tuning hyperparameters, and they suggest
promising avenues for future work aimed at enhancing the
efficiency of information exchange in PTN learning.

5.2 Customized Federated Probability Temporal
Network Learning

In this section, we compare the performance of cfPTN with
that of fPTN. For our experiment, we generate six pairs of

(W,A) for every client and simulate 10 datasets with each k-
th client receiving nk = 30 samples. We then calculate the
average mSHD, mTPR, and mFDR over these datasets after
applying both cfPTN and fPTN.

As shown in Table 1, the mSHD values for both W and
A under cfPTN are approximately half of those observed
for fPTN. Additionally, the mTPR achieved by cfPTN is
roughly double that of fPTN. Regarding mFDR, cfPTN ex-
hibits a slightly lower value, with mFDR decreasing by about
a factor of two. These results indicate that cfPTN markedly
enhances performance across all evaluation metrics relative
to fPTN. To the best of our knowledge, no existing technique
can learn Probability Temporal Networks (PTNs) from het-
erogeneous time series data. In light of this gap, cfPTN of-
fers a novel solution that significantly improves accuracy.

Metric cfPTN fPTN
mSHD W 6.2 10.2

A 5.4 12.7
mTPR W 0.64 0.35

A 0.51 0.24
mFDR W 0.55 0.60

A 0.19 0.33

Table 1: Performance comparison between cfPTN and fPTN with
d = 5, K = 6, and nk = 30 for each client. The expected degree
per node is 4 (in both directions) with p = 1. Each value represents
the average performance across 10 simulated datasets.

Data Generation & Settings. For cfPTN, data is gener-
ated according to the Structural Equation Model in Eq. (??)
through the following steps: (1) constructing individual
weighted graphs GWk

and GAki
for each client; (2) produc-

ing the corresponding data matrices Xclient and Yclient; and
(3) applying cfPTN to assess performance. The procedures
for steps (1) and (2) mirror those used in fPTN, except that
dataset partitioning is not necessary. Gaussian noise with
a standard deviation of 1 is added, and the exponential de-
cay base for inter-slice weights is set to η = 1.5. Through
experimentation, we found that setting λW = λA = 0.1
works well for d ∈ {5, 10}, whereas for d ∈ {15, 20} a
setting of λW = λA = 0.01 paired with µ = 0.1 is effec-
tive. We choose ϕ1 = 1.6 and ϕ2 = 1.1 with initial values
ρ1 = ρ2 = 1, and initialize all Lagrange multipliers to zero.
The data dimensions are identical to those in the fPTN ex-
periments, though each client now possesses distinct Wk and
Aki

.
Experiment Settings. We adopt two experimental scenar-

ios analogous to those in the fPTN experiments. In the first
scenario, we keep the number of clients K constant while in-
creasing the number of variables d, with the total sample size
n held fixed. This scenario tests the scalability of the meth-
ods as dimensionality increases. In the second scenario, we
fix the total sample size at n = 512 and vary the number
of clients K from 2 to 32, evaluating how well the methods
adapt when data is distributed more thinly across clients.



Varying the Number of Variables
In this section, we examine the performance of learning Wk

and Aki when each client receives nk = Kd samples, with
d taking values from {5, 10, 15, 20} across K = 6 clients.
As in our earlier example, we first generate the matrices
Wk and Ak1

for every client using p = 1. Then, for each
client, we generate a dataset of size nk. Additionally, we test
our cfPTN approach under two distinct network connectiv-
ity scenarios: one representing low connectivity and the other
high connectivity. In this study, we do not consider mixed
connectivity scenarios, which we leave as a future research
direction (see §7). For the low-connectivity setup, we set
the expected degree of each node to be ⌊d

2⌋ − d
5 , ensuring

it is below half of the total variables. Conversely, in the high-
connectivity scenario, we define the expected degree as d− d

5 .

Metric Var. Dimension (d)
5 10 15 20

Low Connectivity

mSHD W 4.4 16.8 44.7 79.2
A 2.8 10.9 29.6 32.2

mTPR W 0.61 0.49 0.55 0.53
A 0.81 0.53 0.31 0.31

mFDR W 0.72 0.67 0.51 0.53
A 0.35 0.47 0.23 0.34

High Connectivity

mSHD W 6.2 13.6 52.0 110.0
A 5.4 8.3 41.0 31.0

mTPR W 0.64 0.64 0.71 0.76
A 0.51 0.52 0.31 0.27

mFDR W 0.55 0.54 0.44 0.59
A 0.19 0.21 0.36 0.19

Table 2: Performance metrics (mSHD, mTPR, mFDR) for low and
high network connectivity across dimensions d = 5, 10, 15, 20. Val-
ues are averages over 10 simulations.

Tables 2 reveal that for the W matrices, the mSHD is con-
siderably lower in the low-connectivity regime compared to
the high-connectivity case. In contrast, the mSHD for A re-
mains relatively consistent regardless of connectivity. With
respect to mTPR, the high-connectivity setting yields signif-
icantly better results than the low-connectivity one. Notably,
while the mTPR for W in the high-connectivity scenario stays
steady as d increases, the mTPR for A declines with increas-
ing d. Moreover, in low connectivity, A’s mTPR reaches
0.81, markedly higher than the 0.51 observed in high con-
nectivity—an expected outcome since detecting relationships
in sparser networks is inherently more challenging. Regard-
ing mFDR for A, the high-connectivity case holds steady at
around 0.2 for d ∈ {5, 10, 20}, while in the low-connectivity
case, it rises to roughly 0.3. For W , mFDR in the high-
connectivity scenario is around 0.54, which is notably lower
than the corresponding values for low connectivity when

d ∈ {5, 10}. Overall, the high-connectivity configuration
demonstrates superior mFDR performance.

We further investigate the case of partial participation for
d = 10. Given that there are only six clients in total, we
vary the number of participating clients j over the values
1, 2, 3, 4, 5, while all other settings remain unchanged. As
shown in Table 3, performance metrics remain consistent re-
gardless of how many clients participate. Specifically, the
mSHD for W is in the range of 13 to 14, while that for A
hovers around 8. Similarly, the mTPR is approximately 0.60
for W and 0.56 for A, and the mFDR exhibits a similar trend.

Metric j = 1 j = 2 j = 3 j = 4 j = 5
mSHD W 14.2 13.6 14.3 14.9 14.5

A 8.1 8.3 8.7 7.7 8.5
mTPR W 0.59 0.61 0.60 0.58 0.60

A 0.56 0.55 0.55 0.58 0.56
mFDR W 0.50 0.49 0.53 0.55 0.54

A 0.22 0.21 0.23 0.23 0.23

Table 3: Results under partial participation for d = 10. Each metric
is averaged over 10 simulated datasets.

Varying the Number of Clients
Next, we consider situations in which a fixed total number
of samples is allocated among different numbers of clients.
For d ∈ {10, 20}, a total of n = 512 samples is gen-
erated and evenly distributed across K ∈ {2, 4, 8, 16, 32}
clients. This corresponds to each client receiving nk =
{256, 128, 64, 32, 16} samples, respectively. The intra-slice
DAG is designed to have an average degree of 4 (counting
edges in both directions). This scenario is particularly chal-
lenging, as learning distinct PTNs for as many as 32 clients
with only 16 samples per client poses significant difficulties.

Metric Variable Number of Clients (K)
2 4 8 16 32

Dimension d = 10

mSHD W 11.3 20.6 17.4 18.2 19.4
A 6.7 10.5 10.7 10.8 14.8

mTPR W 0.68 0.44 0.51 0.51 0.49
A 0.63 0.52 0.48 0.48 0.36

mFDR W 0.49 0.62 0.54 0.54 0.59
A 0.17 0.31 0.23 0.28 0.37

Dimension d = 20

mSHD W 56.2 57.5 54.3 52.1 56.1
A 33.2 36.1 40.8 55.6 56.3

mTPR W 0.45 0.46 0.46 0.34 0.32
A 0.38 0.31 0.33 0.25 0.17

mFDR W 0.40 0.45 0.37 0.49 0.51
A 0.18 0.16 0.16 0.21 0.27

Table 4: Performance metrics (mSHD, mTPR, mFDR) for dimen-
sions d = 10 and d = 20 as the number of clients K varies, com-
puted as averages over 10 simulations.



Tables 4 reveal several trends. For d = 10, the mSHD
for W remains between 10 and 20, while that for A is ap-
proximately 10. Notably, the mTPR for W stays relatively
stable even as K increases—for example, at K = 32, the
mTPR values for W and A are 0.49 and 0.36, respectively.
This stability is promising, especially in cases where the per-
client sample size is very low. In contrast, the mFDR for A
is around 0.2–0.3, whereas for W it is roughly 0.5, indicat-
ing that the A matrix is more conservative with fewer false
positives.

For d = 20, the mSHD for W stabilizes at around 55,
but the mSHD for A worsens from roughly 30 to 50 as K
increases, suggesting that A is more sensitive to higher di-
mensions. A similar pattern is seen in the mTPR: while W
achieves about 0.45 for K ∈ {2, 4, 8}, its value drops to
around 0.3 for larger K. This decline is expected, given
that the number of samples per client diminishes while the
complexity of the ground-truth matrix remains high. Overall,
however, cfPTN demonstrates robust and consistent perfor-
mance across varying client numbers, even in the demanding
case where d = 20, K = 32, and nk = 16.

6 Applications
6.1 Blood Oxygenation Level-Dependent (BOLD)
In this experiment, we apply the proposed learning meth-
ods to estimate connections in the human brain using sim-
ulated blood oxygenation level-dependent (BOLD) imaging
data [Smith et al., 2011]. The dataset consists of 28 in-
dependent datasets, each containing a number of observed
variables d ∈ {5, 10, 15}. Each dataset includes 50 subjects
(i.e., 50 ground-truth networks) with 200 time steps. To con-
duct the experiments, we simulate time series measurements
corresponding to five different human subjects for each value
of d and compute the Average AUROC using the sklearn
package.

For the fPTN configuration, we divide the 200 time steps
into five clients (K = 5). More details about the data
can be found at https://www.boldb.ox.ac.uk/datasets/netsim/
index.html. In our experiments, we evaluate the proposed
method for d ∈ {5, 10, 15}. For d = 5, we use subjects 3,
6, 9, 12, and 15 from Sim-1.mat. For d = 10, we use sub-
jects 2, 4, 6, 8, and 10 from Sim-2.mat. For d = 15, we use
subjects 1, 3, 5, 7, and 9 from Sim-3.mat. For the cfPTN
configuration, we do not partition the data; instead, each sub-
ject is treated as a client. Therefore, for d ∈ {5, 10, 15},
we have five clients, each with 200 time steps. For d = 5,
we use subjects 2, 4, 6, 8, and 10 from Sim-1.mat, while
for d = {10, 15}, we use subjects 1, 3, 5, 7, and 9 from
Sim-2.mat and Sim-3.mat. To clarify the distinction
between the two methods: (1) fPTN applies to each subject
individually, partitioned into five clients, requiring five repe-
titions. (2) cfPTN is applied directly to all five subjects with-
out partitioning. Further details of the experimental setup can
be found in the supplementary materials (see §A.6).

We compare our approach with the Economy Statistical
Recurrent Units (eSRU) model [Khanna and Tan, 2019] for
Granger causality inference, as well as other existing meth-
ods based on Multilayer Perceptron (MLP), Long Short-Term

Memory (LSTM) networks [Tank et al., 2022], and a Convo-
lutional Neural Network (CNN)-based model, the Temporal
Causal Discovery Framework (TCDF) [Nauta et al., 2019],
specifically for multivariate time series data with d = 15, as
previously examined by [Khanna and Tan, 2019]. From the
results in Table 5, our proposed fPTN achieves an AUROC
of 0.74, outperforming the LSTM-based approach and ap-
proaching the performance of the CNN-based TCDF method.
While fPTN does not surpass the MLP-based and eSRU-
based methods, it is notable that its federated version out-
performs or closely matches several well-established non-
federated benchmarks. Similarly, cfPTN achieves an AU-
ROC of 0.74, showing superior performance compared to the
LSTM-based method and approaching the CNN-based TCDF
method. Importantly, cfPTN can be applied directly to mul-
tiple subjects, significantly reducing the computational over-
head associated with data preparation. While cfPTN does
not exceed the performance of MLP-based and eSRU-based
methods, its Customized version consistently outperforms
or closely aligns with several established non-Customized
benchmarks. This result is expected, as MLP and eSRU meth-
ods rely on deep architectures that excel at capturing complex
structural dependencies.

Most importantly, our fPTN and cfPTN methods intro-
duce a new perspective on this problem by ensuring data secu-
rity through their federated and Customized approaches. This
capability is crucial in scenarios where data privacy is a con-
cern, as it enables effective analysis without compromising
sensitive or distributed datasets. We explore this aspect fur-
ther in Section 7.

Method Averaged AUROC
MLP [Tank et al., 2022] 0.81±0.04
LSTM [Tank et al., 2022] 0.70±0.03
TCDF [Nauta et al., 2019] 0.75±0.04
eSRU [Khanna and Tan, 2019] 0.84±0.03
fPTN 0.74±0.04
cfPTN 0.74±0.05

Table 5: Mean AUROC comparison of different methods for d =
15.

6.2 SysGenSIM
Leveraging the SysGenSIM Challenge datasets [Marbach et
al., 2009; Stolovitzky et al., 2007; Stolovitzky et al., 2009],
our work concentrates on the time-series track of the InSil-
ico Size100 subchallenge. In this setting, gene expression
data from SysGenSIM are used to reconstruct gene regula-
tory networks. The InSilico Size100 dataset comprises 5 in-
dependent datasets, each containing 10 time-series of 100
genes measured over 21 time steps. We interpret each dataset
as originating from a distinct institution (e.g., different hos-
pitals or research centers), which motivates our federated
framework. Additional details and data can be found at
https://sysgensim.sourceforge.net/datasets.html.

Let Xg
t,r represent the expression level of gene g at time

t ∈ {0, 1, . . . , 20} for replicate r ∈ {0, 1, . . . , R}. Here, R
varies depending on the dataset—if a single dataset is used,

https://www.boldb.ox.ac.uk/datasets/netsim/index.html
https://www.boldb.ox.ac.uk/datasets/netsim/index.html
https://sysgensim.sourceforge.net/datasets.html


R = 10. Hence, Xt,r ∈ R100 and Xt ∈ RR×100. For
this experiment, we set the autoregressive order p = 1 to
be consistent with the VAR-based method used in the Sys-
GenSIM Challenge by [Lu et al., 2021]. In the federated
configuration of our fPTN approach, we assign K = 5
clients, each receiving R = 2 replicates. Consequently, each
client has a time-series dataset of 100 genes spanning 42 time
steps. We discovered that small regularization parameters
(λW = λA = 0.0025) yield robust performance across all
SysGenSIM datasets. For the Customized approach cfPTN,
we treat each dataset as a distinct client; hence, each client
comprises 200 time steps with d = 100 and K = 5. For this
setting, we use λW = λA = 0.001 and set µ = 0.1.

In prior work [Lu et al., 2021], various methods were com-
pared for network inference, including approaches based on
Mutual Information (MI), Granger causality, dynamical sys-
tems modeling, Decision Trees, Gaussian Processes (GPs),
and Temporal Probability Networks (PTNs). We did not in-
clude DYNOTEARS in our comparisons since its publicly
available source code is lacking and our own implementation
did not yield competitive results. The methods were evaluated
in terms of AUPR (Area Under the Precision-Recall Curve)
and AUROC (Area Under the Receiver Operating Character-
istic Curve) across the five datasets.

Table 6 summarizes the comparative performance. The
GP-based technique attains the highest mean AUPR (0.208)
and AUROC (0.728). In terms of AUPR, our fPTN method
surpasses the TSNI (ODE-based) method in its standalone,
non-federated version. Moreover, the AUPR achieved by
fPTN is on par with those reported for Ebdnet (PTN-based),
GCCA (VAR-based), and ARACNE (MI-based) approaches.
Notably, the mean AUROC of fPTN exceeds that of GCCA,
ARACNE, and TSNI, and is comparable to Ebdnet and VB-
SSMa (both PTN-based). We also applied fPTN directly to
the entire dataset (denoted as fPTN-d) using the same set-
tings as for cfPTN. The direct application produced subpar
results, which led us to partition each dataset to satisfy i.i.d.
conditions required by fPTN. Our experiments with cfPTN
in heterogeneous scenarios are promising: its AUPR is 0.034,
outperforming the non-Customized TSNI method. Further-
more, the AUPR for fPTN is only marginally higher than that
of cfPTN. Additionally, cfPTN performs similarly to Ebd-
net, GCCA, and ARACNE, while its mean AUROC is supe-
rior to that of ARACNE and nearly matches those of TSNI
and GCCA.

In summary, fPTN and cfPTN deliver performance that is
competitive with, and sometimes even exceeds, that of other
non-federated benchmarks. Nonetheless, the GP-based ap-
proach remains the best in terms of both AUPR and AUROC.
This advantage likely stems from its ability to model nonlin-
earities and capture complex temporal dynamics—challenges
that federated methods face due to data heterogeneity and
varying conditions across sites. Extending GP-based tech-
niques to a federated framework for structure learning repre-
sents a promising direction for future work, which we discuss
further in Section 7.

The methods used below were mentioned in
the following past works:Ebdnet [Rau et al.,
2010];VBSSMa,GCCA,TSNI [Penfold and Wild,

2011];CSId [Penfold et al., 2015];ARACNE [Margolin et
al., 2006]

Method AUPR/AUROC Notes
fPTN 0.040/0.600 Federated
cfPTN 0.034/0.561 Customized federated
fPTN-d 0.023/0.512 Direct application
Ebdnet 0.043/0.640 PTN-based method
VBSSMa 0.086/0.620 PTN-based method
CSId 0.208/0.728 GP-based method
GCCA 0.050/0.584 VAR-based method
TSNI 0.026/0.566 ODE-based method
ARACNE 0.046/0.558 MI-based method

Table 6: Comparison of mean AUPR and mean AUROC scores
on the SysGenSIM dataset, along with brief descriptions of each
method.

Figure 8: Heatmaps of cross-validation RMSE for the 5 SysGenSIM
datasets across a range of A and W parameters.

7 Conclusion
In this work, we have introduced a federated approach for
learning Probability Temporal Networks (PTNs) on homo-
geneous time-series data, as well as a Customized federated
method for heterogeneous time-series data. Specifically, we
proposed a federated PTN learning method utilizing ADMM,
where only model parameters are exchanged during optimiza-
tion. Our experimental results demonstrate that this federated
framework excels, particularly in settings where numerous
clients with small sample sizes collaborate—a common sce-
nario in federated learning. We also developed a Customized
federated PTN learning approach by incorporating a proxi-
mal operator, leveraging ADMM for enhanced accuracy. Our
results indicate that the Customized model maintains robust
performance even with limited sample sizes and numerous
clients. Furthermore, we found that partial client participa-
tion does not lead to a significant loss in performance. Be-
low, we discuss the limitations of our approach and outline
possible avenues for future research.
Assumptions. Our method assumes that the PTN structure,
represented by W and A, is static over time and shared across
all time series within the dataset. Relaxing this assumption
could offer substantial benefits, such as allowing the struc-
ture to evolve smoothly over time, which has been explored
in previous work [Song et al., 2009]. Another potential av-
enue for future research is investigating the behavior of the
algorithm in non-stationary or cointegrated time series set-
tings [Malinsky and Spirtes, 2019], or addressing challenges



arising from confounding variables in the data [Huang et al.,
2015].

Federated Learning. Our fPTN method relies on ADMM
for federated learning, which assumes that every client par-
ticipates in every round of communication and optimiza-
tion. Although we incorporated partial client participation
in the cfPTN framework, this approach has limited im-
pact, as it only adjusts which clients are involved, with-
out modifying the underlying optimization process. This
”always-on” requirement can be a significant challenge in
real-world applications, particularly in large-scale systems
where clients—such as mobile devices or IoT sensors—may
experience intermittent connectivity, limited power, or vary-
ing availability. Ensuring that all devices participate syn-
chronously in every round is often impractical and could re-
sult in performance bottlenecks. One promising direction for
future work is to investigate alternative federated optimiza-
tion strategies, including asynchronous approaches, that al-
low clients to operate statelessly and support cross-device
learning. Additionally, the ADMM procedure requires shar-
ing model parameters with a central server, raising poten-
tial privacy concerns. Research has demonstrated that such
parameters can leak sensitive information in some contexts,
such as image data [Phong et al., 2018]. Therefore, explor-
ing differential privacy techniques [Dwork and Roth, 2014]
to secure shared model parameters is a key area for future
investigation.

Customized Learning. Heterogeneous settings are in-
creasingly relevant to real-world applications, where clients
often differ in terms of computational power, communica-
tion bandwidth, and local data distributions. These differ-
ences create challenges for model convergence and perfor-
mance. Our work introduces the first methodology for learn-
ing Customized PTNs via a proximal operator, with the po-
tential to extend this framework to non-temporal settings,
such as NOTEARS [Zheng et al., 2018]. Additionally,
several Customized federated learning frameworks, such as
meta-learning and clustered federated learning, can be in-
tegrated with our approach. A promising research direc-
tion is to address scenarios where the number of variables,
d, differs across clients. Similarly, clients may have vary-
ing time-lagged dependencies, p, that they wish to explore,
which presents another interesting challenge. Mixed connec-
tivity levels in networks also warrant attention, as sparse net-
works may lead to confounding, with missing edges in high-
connectivity networks. To address such challenges, Cus-
tomized federated learning methods such as FedNova [Wang
et al., 2020], which normalizes aggregated updates to account
for heterogeneous local computational workloads, could be
applied. Asynchronous techniques are particularly critical
in heterogeneous scenarios. While our asynchronous tech-
nique does not degrade accuracy, incorporating more ad-
vanced asynchronous methods remains essential, especially
in the context of reinforcement learning [Espeholt et al.,
2018].

Nonlinear Dependencies. Our methodology assumes lin-
ear dependencies, chosen for simplicity to emphasize the tem-
poral and dynamic aspects of the problem. However, more

complex nonlinear dependencies can be captured using tech-
niques like Gaussian Processes [Gnanasambandam et al.,
2024; ?] or neural networks. Additionally, substituting the
least squares loss function with logistic loss or other expo-
nential family log-likelihoods could allow modeling of bi-
nary data. Combining continuous and discrete data is another
important consideration [Andrews et al., 2019], especially
for many real-world applications. Exploring these directions
could greatly enhance the applicability of our methods in di-
verse domains.
Full implementation and benchmarks: https://github.com/
SBY7219/Fed PTN

https://github.com/SBY7219/Fed_PTN
https://github.com/SBY7219/Fed_PTN
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A Supplementary Materials

A.1 Multivariate Time-Series Notation

To introduce the index m for the M realizations, we can or-
ganize the data for client k. For each client k, define the ef-
fective sample size as nk = M(T + 1 − p). The time series
model for each client can then be expressed as:

Xk
t = Xk

t W +Xk
t−1A1 + · · ·+Xk

t−pAp + Zk,

where the terms are defined as follows:

• Xk
t is an nk × d matrix, with each row corresponding to

(xk
m,t)

⊤, where m = 1, . . . ,M ;

• Xk
t−i represents the time-lagged matrices for i =

1, . . . , p;

• Zk is the matrix of noise terms, where each entry corre-
sponds to (uk

m,t)
⊤.

This setup allows us to handle multiple realizations per
client while preserving the structure of the SVAR model
across both time and variables. The subsequent learning and
optimization steps follow the method described in the main
paper.

A.2 Simulation Data Generation

Intra-slice Graph: We generate a random directed acyclic
graph (DAG) using the Erdős-Rényi (ER) model with a target
mean degree pr. In this model, edges are formed indepen-
dently by performing i.i.d. Bernoulli trials with a probability
pr/dr, where dr is the total number of nodes. The graph is
initially represented by an adjacency matrix and then oriented
to ensure acyclicity by imposing a lower triangular structure,
resulting in a valid DAG. Finally, the nodes are randomly per-
muted to remove trivial ordering, creating a randomized and
realistic structure suitable for subsequent analysis.

Inter-slice Graph: The inter-slice graph is also generated
using the ER model. Here, edges are directed from node it−1

at time t−1 to node jt at time t. The binary adjacency matrix
Abin is constructed as:

Ait−1,jt =

{
1 with probability pr

dr for edges from it−1 to jt,

0 otherwise.

Assigning Weights: Once the binary adjacency matrix
is created, we assign weights to the edges drawn from a
uniform distribution. For W , the weights are in the range
[−0.5,−0.3] ∪ [0.3, 0.5], and for A, the weights are in the
range [−0.5α,−0.3α] ∪ [0.3α, 0.5α], where:

α =
1

ηp−1
,

and η ≥ 1 is a decay parameter that governs the reduction in
edge influence as time steps increase.

Table 7: Optimal values for λa and λw for varying d.

d = 5 d = 10 d = 15 d = 20

λa 0.5 0.5 0.5 0.5
λw 0.5 0.5 0.5 0.5

A.3 Hyperparameter Analysis
This section details the optimal hyperparameter values used
in our simulations. The following table presents the best val-
ues of λa and λw for different numbers of variables (d). Gen-
erally, λa = 0.5 and λw = 0.5 perform well across all config-
urations. However, when λa, λw > 0.5, the algorithm some-
times produces zero matrices.

The following tables summarize the optimal values for λa

and λw for varying numbers of clients, with a fixed sample
size of n = 256. In general, values of λa between 0.4 and
0.5 and λw between 0 and 0.5 work effectively. Simulations
suggest that the optimal range for both λa and λw is between
0.05 and 0.5, depending on the network topology. Within this
range, the error in Structural Hamming Distance (SHD) is
generally less than 5 units from the optimal value.

Table 8: Sample size with n = 256 and d = 10

k = 2 k = 4 k = 8 k = 16 k = 32 k = 64

λa 0.05 0.5 0.5 0.4 0.35 0.4
λw 0.3 0.5 0.45 0.5 0.25 0.3

Table 9: Sample size with n = 256 and d = 20

k = 2 k = 4 k = 8 k = 16 k = 32 k = 64

λa 0.3 0.2 0.5 0.5 0.5 0.05
λw 0.4 0.5 0.5 0.5 0.5 0.25

A.4 Closed-Form Solution for Bk and Dk

We minimize the objective function with respect to Bk and
Dk:

J(Bk, Dk) = ℓk(Bk, Dk) + Tr
(
βt
k(Bk −W (t))⊤

)
+

ρt2
2

∥∥∥Bk −W (t)
∥∥∥2
F

+Tr
(
γt
k(Dk −A(t))⊤

)
+

ρt2
2

∥∥∥Dk −A(t)
∥∥∥2
F

where:

ℓk(Bk, Dk) =
1

2n

∥∥Xt −XtBk −X(t−p):(t−1)Dk

∥∥2
F
.

By taking the gradients and setting them to zero, we derive
the following conditions for optimality:

Gradient with respect to Bk:



∇Bk
J =− 1

n
X⊤

t

(
Xt −XtBk −X(t−p):(t−1)Dk

)
+ βt

k + ρt2(Bk −W (t)) = 0.

Simplifying:

(−S + SBk +MDk) + βt
k + ρt2(Bk −W (t)) = 0

=⇒ (S + ρt2I)Bk +MDk = S − βt
k + ρt2W

(t)

=⇒ PBk +MDk = b1.

Gradient with respect to Dk:

∇Dk
J =− 1

n
X⊤

(t−p):(t−1)

(
Xt −XtBk −X(t−p):(t−1)Dk

)
+ γt

k + ρt2(Dk −A(t)) = 0.

Simplifying:

(−M⊤ +M⊤Bk +NDk) + γt
k + ρt2(Dk −A(t)) = 0

=⇒ M⊤Bk + (N + ρt2I)Dk = M⊤ − γt
k + ρt2A

(t)

=⇒ M⊤Bk +QDk = b2.

A.5 Closed form for Customized PTN learning
Update for Bk

fW̃k
(W̃k) = µ∥W (t+1)

k − W̃k∥2 + tr
(
β
(t)⊤
k (W̃k −W (t))

)
+

ρ
(t)
2

2 ∥W̃k −W (t)∥2
(14)

Hence,

∇W̃k
fW̃k

(W̃k) = 2µ (W̃k −W
(t+1)
k )

+β
(t)
k + ρ

(t)
2 (W̃k −W (t)).

By setting ∇W̃k
fW̃k

(W̃k) = 0, we have

2µ(W̃k −W
(t+1)
k ) + β

(t)
k + ρ

(t)
2 (W̃k −W (t)) = 0.

(
2µ+ ρ

(t)
2

)
W̃k = 2µW

(t+1)
k + ρ

(t)
2 W (t) − β

(t)
k .

W̃
(t+1)
k =

2µW
(t+1)
k + ρ

(t)
2 W (t) − β

(t)
k

2µ+ ρ
(t)
2

.

Update for Dk

fÃk
(Ãk) = µ∥A(t+1)

k − Ãk∥2 + tr
(
γ
(t)⊤
k (Ãk −A(t))

)
+

ρ
(t)
2

2 ∥Ãk −A(t)∥2.

Hence,

∇Ãk
fÃk

(Ãk) = 2µ (Ãk−A
(t+1)
k ) + γ

(t)
k + ρ

(t)
2 (Ãk−A(t)).

By ∇Ãk
fÃk

(Ãk) = 0, we have

2µ(Ãk −A
(t+1)
k ) + γ

(t)
k + ρ

(t)
2 (Ãk −A(t)) = 0.

(
2µ+ ρ

(t)
2

)
Ãk = 2µA

(t+1)
k + ρ

(t)
2 A(t) − γ

(t)
k .

Ã
(t+1)
k =

2µA
(t+1)
k + ρ

(t)
2 A(t) − γ

(t)
k

2µ+ ρ
(t)
2

.

A.6 Application in BOLD

In this section, we present the recorded AUROC values for
our fPTN method, as shown in Table.10.

AUROC 1 2 3 4 5

d = 15 0.68 0.75 0.71 0.77 0.77
d = 10 0.69 0.77 0.71 0.69 0.83
d = 5 0.70 0.75 0.76 0.78 0.70

Our model produces two matrices, W and A, which rep-
resent strong and weak connections, respectively. The fi-
nal weight matrix is derived by summing these two matrices
element-wise. Through repeated experiments, we determined
that setting λW = 0.05 and λA = 0.01 yields optimal perfor-
mance across all datasets.

Below is the table for the cfPTN results:

Table 10: AUROC values for cfPTN across various datasets.

AUROC 1 2 3 4 5

d = 15 0.67 0.77 0.71 0.78 0.77
d = 10 0.78 0.71 0.70 0.76 0.75
d = 5 0.73 0.78 0.70 0.83 0.78

A.7 Application to SysGenSIM

In Table 11, we present the AUPR and AUROC for each
dataset in the SysGenSIM challenge. Similar to the BOLD
data, our method produces two matrices, W and A, but here
they represent fast-acting and slow-acting influences, respec-
tively. The final weight matrix is obtained by combining
these matrices through element-wise addition. Based on the
hyperparameter analysis by [Pamfil et al., 2020], we found
that λW = 0.0025 and λA = 0.0025 work well across all
datasets.



Table 11: AUPR and AUROC for each dataset in the SysGenSIM
challenge.

Dataset AUPR AUROC
1 0.054 0.64
2 0.032 0.58
3 0.041 0.60
4 0.034 0.58
5 0.035 0.62
Mean ± Std 0.040 ± 0.008 0.60 ± 0.022

A.8 Results for A

Figure 9: Learning results for A in a PTN with Gaussian noise for
varying numbers of variables (d = 5, 10, 15, 20), with autoregres-
sive order p = 1, and K = 10 clients. Each value represents the
average performance across 10 different simulated datasets.

Figure 10: Structure learning for A in a PTN with Gaussian noise,
d = 10, autoregressive order p = 1, and varying numbers of
clients. A total of n = 256 samples are distributed evenly across
K ∈ {2, 4, 8, 16, 32, 64} clients. Each value reflects the mean per-
formance over 10 different datasets.

Figure 11: Structure learning for A in a PTN with Gaussian noise,
d = 20, autoregressive order p = 1, and varying numbers of
clients. A total of n = 256 samples are distributed evenly across
K ∈ {2, 4, 8, 16, 32, 64} clients. Each value represents the mean
performance over 10 different datasets.

Figure 12: Learning for A in a PTN with Gaussian noise for
d = 10, autoregressive order p = 1, and varying client num-
bers. A total of n = 512 samples are distributed evenly across
K ∈ {2, 4, 8, 16, 32, 64} clients. Each value reflects the mean per-
formance across 10 simulated datasets.

Figure 13: Structure learning for A in a PTN with Gaussian noise,
d = 20, autoregressive order p = 1, and varying client num-
bers. A total of n = 512 samples are evenly distributed across
K ∈ {2, 4, 8, 16, 32, 64} clients. Each value reflects the mean per-
formance across 10 simulated datasets.
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